tinct dependence on /i, whereas the values of the 7th column show no dependence on fi. This fact strongly suggests th a t our consideration i correct and th a t equation (14) gives the real values of the tensile strength a t low temperatures for isotropic substances.
The derivation of mechanics from the law of gravitation in relativity theory B y G. L . Cl a r k , P h .D .
(Communicated by Sir Arthur Eddington, F.R.S.-Received 17 July 1940)
The paper gives a general review of an investigation on some problems on motion in the relativity theory. We begin by discussing the motion of a single particle in a weak gravitational field and obtain both the linear and angular equations of motion; this is followed by brief accounts of the pro blem of two bodies and that of a rotating rod. In each case considered the equations of motion arise as conditions of integrability of the relativity equations for empty space. Only one of these problems has previously been treated by this method, this being the case of two bodies not con nected by a material tension. However, this investigation, which was carried out by Einstein, Infeld and Hoffmann, introduces difficult ideas relating to the use of certain spatial surface integrals; in the present paper we avoid the use of these integrals.
An essential feature of the work is that we take a first-order solution for the particular problem considered and substitute this solution in the quad ratic terms of G and then build up a second-order solution. This method can be employed when we discuss the interior of m atter; and, as an example, we conclude the paper by investigating the case of a rotating mass of liquid of constant density.
I n tr o d u c t io n
In general relativity theory a 'particle' is represented by a singularity in the field g^. The singularity is a line in four dimensions, namely, the world-line of the particle. If we arbitrarily specify a set of curves in a co ordinate system in four dimensions, it is in general impossible to determine a field g with these curves as singularities and satisfying the law of gravi tation for empty space G = 0 elsewhere. Thus the gravitatio impose a restriction on the possible courses of the particles. I t has been recognized that these restrictions are the source of the ordinary laws of mechanics; that is to say, the laws of mechanics, which in Newtonian theory are additional conditions to be satisfied by the possible motions of a system, are in relativity theory implicit in and directly derivable from the law of gravitation.
Although the general principle is clear, the actual derivation of the ordinary laws of mechanics (linear and angular equations of motion, etc.) in this way is highly complicated. The most far-reaching discussion is th at of Einstein, Infeld and Hoffmann (1938) . They show that for two-dimensional spatial surfaces containing singularities certain surface integral conditions are valid which determine the motion. In the present paper we show how this and allied problems can be investigated without introducing the difficult ideas associated with the surface integral method. By either method the calculations involved are very tedious; we therefore give a general review, rather than a detailed account, of the theory, and we omit as far as possible the long expressions which arise in the course of the work.
We set 9V = V + V> where the are the Galilean values of g/lv, and the are small. I t is convenient to write G/l v --h^/ i v + ^/iV> wheredenotes the terms linear in h^, and the non-linear terms. We start with the given by the well-known first-order solution for a particle with a specified position, and add terms chosen so that, retaining the square of a velocity, no terms of the form mvs or mvrvs appear in MjW % We find that
M^does not then vanish unless we impose the cond d2xl/dt2 = 0. This solution therefore represents the motion of the particle under no extraneous force. Now consider a given gravitational field h'^ satisfying the equations for empty space; the values of h'^ and its ordinary derivatives at the singularity are denoted by hM V , -I t is well known th at the motion of a particle of negligible mass placed in the field is along a geodesic, and if we suppose th a t the given field is weak and the velocity of the particle is small the actual motion is given by the approximate equation
Our first task is to show ( §4) how this result can be derived directly from the equations for empty space. We put
where h^l are the terms representing an isolated particle. Substituting in th 'x expressions for gives three types of terms. The quadratic terms in do not concern us, as we start from the assumption th at the given field satisfies the conditions for empty space; nor need we calculate the quadratic terms in since m is taken to be very small. We only consider, therefore, the cross-terms which we note are of the order mh. We assume a general form containing a large number of parameters for the cross-terms. We then find th a t it is impossible to satisfy the equations for empty space unless we impose the condition (1*1); and although a number of arbitrary parameters remain in the solution, this condition is unique.
We then proceed to discuss angular motion; we set hfiu hpp -t-hpV , where h'u = U, h'mn = USmn, ~h\n = 0 3) nics in relativity theory
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The quantity Ui s a Newtonian potential, and at the singularity we denote the values of U, U\s, Ulrs by U, Uls, Ulrs, .... We write down a general form for k"llv, and then we substitute the first-order solution in the expression for L^ and pick out the cross-terms A Ulrg. It is found that in order to satisfy Qpy = 0, terms containing parameters ws must be introduced into the solution such that = l i B ~C) Um , etc We readily show that the expressions on the right-hand side of (1*2) are simply the components of the couple due to the given field acting on the body, and so the conditions (1*2) are the angular equations of motion. This leads to the consideration of the actual derivation of Euler's equations.
The method is then applied to the problem of two bodies not connected by material tension, and also to the problem of a rotating rod or to the case of two bodies connected by a string. When we proceed to discuss the interior of a continuous distribution of matter, similar methods can be used to calculate the values of the energy-tensor T"v. As an example we conclude the paper by referring to the case of a rotating mass of liquid of constant density.
Except in the last problem, the method in all cases consists in finding equations which are conditions of integrability of the equations = 0 in empty space in the circumstances relating to the problem considered.
Approximate values of the Einstein tensor
Following the authors quoted above, we use the convention th at Latin indices take only the spatial values 1, 2, 3, while Greek indices refer to both space and time, running over the values 1, 2, 3, 4. We denote the ordinary derivative of a quantity by means of a line followed by the appropriate suffix, as djfyp> ^9/iv dx, dx
The expressions for G are then In general the h^v will be small relative to unity, and if we neglect the cubes of we can determine the values of without much difficulty; for example, we. find For the greater part of the paper we shall be investigating the conditions to be satisfied in order th at this equation can be integrated.
Mechanics in relativity theory
T h e l in e a r a n d a n g u la r e q u a t io n s o f m o t io n 3. The case of a single particle
We begin our investigation of the solutions of (2*4) by taking as the first approximation to hM where (x8 -xf).
For convenience I shall take the particle (co-ordinates x() to be a t the origin, and we can then write x8 for x8-x{. We write vm for dx™jdt. Neglect ing terms in v8 we see th at M^n = 0 is satisfied by
7.(1) _ m^8mn n m n --m(A + 2)~r *~'
where A is arbitrary. We want to find a solution retaining the square of the velocity. We assume for trial that the additional terms are of the general form VsV8 xrxf m = mcc3 -+ mai -pp vw ,
containing disposable constants a*. The solution values of the will not be unique, because the solution can be given different forms by trans formations of the co-ordinate system which leave the vectors at the origin unaltered. Having calculated the corresponding to the above hfy, we find th at it is possible to make the part of M^l which does not involve the Thus the condition = 0 requireŝ = °T he physical interpretation of this section is quite trivial, namely, th e singularity represents a particle moving w ith constant acceleration. We next introduce a weak gravitational field A'".
Particle in a gravitational field
We now suppose th a t there are additional term s which satisfy the equations for em pty space. In the neighbourhood of the particle We add a term 2 L*v such th a t it is possible to solve the equations
The equation (4*1) then becomes
In order th a t (4*3) can be satisfied, it is evident from (3*1) th a t the most general form 2 L *can take is We assume a fairly general solution A®, and substituting in (4-2) gives a set of linear equations. The condition th a t these equations are consistent requires th a t P 8 shall be unique: thus the 'equations of m otion' (4-6) are unique although the solution A® is not. The coefficients in (4-6) can be deter mined, and we find th a t it reduces to the equation of a geodesic, namely, 2/^s _ _ _ _ _ 2 2^44ls "I" ^ ^4slr h4r\s -I-]gA44|4 + vrhrs\4 + A^i^.
(4*7)
On account of the length of the calculations we shall content ourselves with obtaining the result p x = -The relevant terms in 2L are The above outline shows in a very elementary manner how the equations of motion arise in the relativity theory. To obtain the equations of motion we have only considered the terms h^ h^, h further terms occur such as h^, ]44 in the expression 2L/tv. I t is found, however*, that the solution containing these terms can be found without difficulty, and no additional conditions of integrability are imposed.
The angular equations
The analysis given above may be taken to cover the case of a nonspherical body-the solution being valid a t distances large compared with the dimensions of the body but nevertheless still fairly close to the body. We now continue the discussion to the next approximation as regards the dimensions of the body, the purpose being to show how the angular equations of motion arise in the theory.
We suppose the body is moving in a static Newtonian potential field -\TJ\ we denote the values of U, U\m, evaluated a t the body by U, E7|m, U\mn, .... This field will be due to the sum of a number of particles P8, at distances R3 from the body under consideration. For the sake of definiteness we suppose th a t terms of order -4 in can be neglected, th a t is, we neglect the quantities U\mnp, U\mnpq, .... Consequently in the neigh bourhood of the body U = U + \afxr + ...,
Now consider for the moment the potential V due to the body. If a is the maximum linear dimension of the body, a t distances r from the body for which (a/r)3 may be neglected, -2 V takes the form where A , B, C are the principal moments of inertia' the origin being at the centre of gravity and the axes oriented in a suitable manner.
In view of the above considerations we take as the value of
and build up a solution of the equations O' = 0. We suppose that U satisfies Ulss = 0, = 0, and quantities Ulmnp are neglected. The quadratic terms 2Lflv are expressed as the sum of three terms 
The conditions (5*1) determine the linear motion, and (5-2) are the angular equations of motion. The terms arising from -2mfr have been investigated in §4; we need therefore only consider the terms involving A, B and G. We take, as the first approximation, . (5-4) + + *"<W £ + , provided that a3 = -3 ax -3, 2a2 = 2a& + 3a6 + 6, 2a4 = -10a5 -15a6.
The corresponding terms in B and C can be written down by a suitable interchange of a:1, a;2, a:3. where the i£fc are known constants. We assume a solution of the same form as (6*5) except for a factor 1/r2, namely, Since -|C7 is the potential of the external field, the components of the force at any point are -\Ua. In the neighbourhood of the body
nd accordingly the component of the couple about the ce3-axis is
Further terms can be introduced into (6*6) by taking the quantity
which we notice satisfies ht>is = 0. The new value of M-" -2Lm. is then These conditions are the angular equations of motion and are usually w ritten
In general the quantities A, B, C, F, O, H are not constants but are con tinually changing in consequence of the rotation. Our calculation refers to the instant at which the products of inertia O, H are zero.
Euler's equations
The field, to a first approximation, of a number of isolated particles is K , = V, hmn = Vdmn, where V = (7-1) Ti At great distances from the system we can write 
m3 = C((o3 + (b3t) -
Inserting these values of wk in (6*8), we obtain Euler's equations
B<b2 -(C -A)(i)z -M ,

G<b3
-( A -B) (ox(o2 = N. by Einstein et where the values of the are given by
Our two-body problem consists in taking the quantity 4 mx 4m 2 *\ r 2 and trying to build up a solution satisfying (8-1), (8*2) and (8*3). Owing to difficulty in dealing with the interaction terms, we are restricted to a solution which is only valid in the neighbourhood of one of the particles. We find th a t our solution satisfies the equations r being a distance between the singularities and re2 = (rr| -The condition c( x fc) = 0 therefore gives us the equations of motion of the first singularity. The equations of motion for the other particle are obtained by replacing mx, m2, a:f, x §, by ra2,
The first and second approximations
We shall write
Substituting our initial value 4mx 4m2 rx r2
in (8*1) we obtain m * (af-xf) ygg.----^ <4
Integration gives 74V = 4m! -+ 4m2 -. ' 1 r 2 We take 7 $n = 0. Substituting 7$ in the expression for 2AIIV we obtain ,
The interaction terms of order 0 and -1 in are
where a 4n is a function of time.
The terms of order -2 and -1 in rt in y g 4 and y $ s are r 7®i4 = 7 1 (3X,4 -2<*44i4 - 10.
The third approximation
The next approximation to y mn is determined by solving the equations
where the quantity 2A(® n has the value given by the express the paper by Einstein et al. On working out the divergence of 2A(® n we find that it vanishes, th at is, In order to find the principal deviation from the Newtonian laws of motion, all that essentially remains is to calculate the values of the quantities We denote the terms of 2A(® n which give rise to contributions to c"(m) by 2A*in. We readily see that 2A%in is of the form < m * _ a (*•-*!) , r (*" -* ") , ft The condition 4 m) = ci(m) + 4 (m\ where the value of c'(m) is given by (9-1), then gives the equations of motion (8*4). The integration of the equations of motion has been carried out by Robertson (1938) and independently by Eddington and Clark (1938) .
T h e l o ss o f g r a v it a t io n a l e n e r g y o f a r o t a t in g r o d
11.
We now come to a problem of great interest. A spinning rod sets up a train of gravitational waves and the question arises whether these waves will carry away the energy of the rod so th a t it will gradually come to rest. I t seems th a t the angular velocity of a rotating cohesive system, such as a rotating rod, is slowly decreasing. In the first investigations on the problem which were carried out by Einstein (1916 Einstein ( , 1918 and Eddington (1922) , the energy was represented by the pseudo-tensor tr" and the outward flow of this pseudo-energy was calculated. Owing to the criticism directed against this method of attack, Eddington (1924) gave another discussion of the problem, the validity of which depends largely on the nature of cohesive forces. I t is therefore a m atter of some importance to show th a t Substituting these term s in 2Lfa> we obtain term s w ith factors sinp(tr) cos p(t -r ) , cos2 p and si Now, we may write cosp(£ -r)sinp($ -r) = | s i n 2 p{t -r ) , cos = £(1 sin2p(£ -r) = and accordingly 2LfU > can be split up into periodic and non-periodic p arts. From (11*2) it is clear th a t the angular equations of motion are obtained by picking out the term s of order -3 in rf rom the non-perio and we note th a t these term s are of the order After some calculation we find Mmn -2Lmn = f / y p (*»«", + -5f (* "« " + *»«",)).
Finally, writing p -2o) and combining with (11*2), we obtain The condition for integrability is therefore In the preceding sections we have investigated solutions of the equations for empty space; we have taken a first order solution and by sub stituting this in expressions of the form (2*3) we have built up a solution to the next approximation. The method can be applied when we pass on to consider the interior of matter; and, as an example, I discuss the problem of a rotating mass of liquid of constant density and show th a t a possible form of the free surface is a spheroid.
Consider a weak field of the form 7ii = + Qi V2 + ri z2) + l(a xx2 + bx + 7 2 2 = l ( i >2 + ? 2 y2 + r2z*) + i(®2 * 2 + 733 = \{Vz*2 + q*y2 + rzz2) + i(«3*2 + h y 2 + cz*2) 712
On working out the components Tmn of the energy tensor we find 
